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Abstract 

Let A be a unital separable simple infinite dimensional C*-algebra with tracial rank no 
more than one and with the tracial state space T{A) and let U{A) be the unitary group of 
A. Suppose that u G Uo{A), the connected component of U{A) containing the identity. We 
show that, for any e > 0, there exists a selfadjoint element h G As. a such that 

||m — exp(i/i)|| < e. 

We also study the problem when u can be approximated by unitaries in A with finite spec- 
trum. 

Denote by CU{A) the closure of the subgroup of unitary group of U{A) generated by 
its commutators. It is known that CU{A) C Uo{A). Denote by a the afhne function on 
T{A) defined by a^r) ~ T{a). We show that u can be approximated by unitaries in A with 

finite spectrum if and only if it G CU{A) and u" + {u")*,i{u^ — («"■)*) S pa{Ko{A) for all 
n > 1. Examples are given that there are unitaries in CU{A) which can not be approximated 
by unitaries with finite spectrum. Significantly these results are obtained in the absence of 
amenability. 

1 Introduction 

Let Mn be the C*-algebra of n x n matrices and let u € M„ be a unitary. Then u can be 
diagonalized, i.e., u = Y12=i^^^'°Pkj where 0^ € M and {pi,P2, ■■■,Pn} are mutually orthogonal 
projections. As a consequence, u = exp{ih), where h = X^^^i SkPk is a selfadjoint matrix. Now 
let ^ be a unital C*-algebra and let U{A) be the unitary group of A. Denote by Uq{A) the 
connected component of U{A) containing the identity. Suppose that u € Uo{A). Even in the 
case that A has real rank zero, sp{u) can have infinitely many points and it is impossible to write 
u as an exponential, in general. However, it was shown ([3]) that u can be approximated by 
unitaries in A with finite spectrum if and only if A has real rank zero. This is an important and 
useful feature for C*-algebras of real rank zero. In this case, u is a norm limit of exponentials. 

Tracial rank for C*-algebras was introduced (see [4J) in the connection with the program 
of classification of separable amenable C*-algebras, or otherwise known as the Elliott program. 
Unital separable simple amenable C*-algebras with tracial rank no more than one which satisfy 
the universal coefficient theorem have been classified by the Elliott invariant ([1] and [5|). A 
unital separable simple C*-algebra A with TR{A) = 1 has real rank one. Therefore a unitary 
u € Uq{A) may not be approximated by unitaries with finite spectrum. We will show that, in 
a unital infinite dimensional simple C*-algebra A with tracial rank no more than one, if u can 
be approximated by unitaries in A with finite spectrum then u must be in CU{A), the closure 
of the subgroup generated by commutators of the unitary group. A related problem is whether 
every unitary u E Uq{A) can be approximated by unitaries which are exponentials. Our first 
result is to show that, there are selfadjoint elements hn € As,a such that 

u = lim exp{ihn) 



(converge in norm). It should be mentioned that exponential rank has been studied quite 
extendedly (see [H], [11], [12], [13], etc.). In fact, it was shown by N. C. Phillips that a unital 
simple C*-algebra A which is an inductive limit of finite direct sums of C*-algebras with the 
form C{Xi^n)®Mi^n with the dimension of is bounded has exponential rank 1 + e, i.e., every 
unitary u £ Uq{A) can be approximated by unitaries which are exponentials (see |11)). These 
simple C*-algebras have tracial rank one or zero. Theorem 13.31 was proved without assuming A 
is an AH-algebra, in fact, it was proved in the absence of amenability. 

Let T{A) be the tracial state space of A. Denote by AS{T(A)) the space of all real affine 
continuous functions on T{A). Denote by pA_ ■ Kq{A) Aff(T(^)) the positive homomorphism 
induced by PA{\p])iT) = Tip) for all projections in Mi.{A) (with k = 1,2, ...) and for all r G T{A). 
It was introduced by de la Harpe and Scandalis ([2]) a determinant like map A which maps Uo{A) 
into AS(T(A))/ pa{Kq{A)). By a result of K. Thomsen ([15jl the de la Harpe and Scandalis 
determinant induces an isomorphism between AS{T{A)) / pa{Ko{A)) and Uo{A)/CU{A). We 
found out that if u can be approximated by unitaries in A with finite spectrum then u must be 
in CU{A). But can every unitary in CU{A) be approximated by unitaries with finite spectrum? 
To answer this question, we consider even simpler question: when can a self-adjoint element in 
a unital separable simple C*-algebra with TR{A) = 1 be approximated by self-adjoint elements 
with finite spectrum? Immediately, a necessary condition for a self-adjoint element a € A to 
be approximated by self-adjoint elements with finite spectrum is that /i" € pa{Kq(A)) (for all 
n G N). Given a unitary u E Uq{A), there is an affine continuous map from Aff(T(C(T))) into 
Aff(r(^)) induced by u. Let T{u) : Aff(r(C(T))) ^ AS{T{A))/ pa{Ko{A)) be the map given by 
u. Then it is clear that T(u) = is a necessary condition for u being approximated by unitaries 
with finite spectrum. Note that r(M) = if and only if u" -|- (u"-)*,i{u"- — (u")*) € pa{Kq(A)) 
for all positive integers n. By applying a uniqueness theorem together with classification results 
in simple C*-algebras, we show that the condition is also sufficient. From this, we show that 
a unitary u G CU{A) can be approximated by unitaries with finite spectrum if and only if 
r(it) = 0. We also show that A(tt) = is not sufficient for T(u) = 0. Therefore, there are 
unitaries in CU{A) which can not be approximated by unitaries with finite spectrum (see 14. 7p . 
Perhaps more interesting fact is that r(u) = does not imply that A(u) = for u € Uo{A) (see 
[QandOD. 

2 Preliminaries 

2.1. Denote by I the class of C*-algebras which are finite direct sums of C*-subalgebras with 
the form Mk{C{[0, 1]) or M^, A; = 1, 2, .... 

Definition 2.2. Recall that a unital simple C*-algebra A is said to have tracial rank no more 
than one (or TR{A) < 1), if for any e > 0, any a € A^ \ {0} and any finite subset C A, there 
exists a projection p & A and a C*-subalgebra B with 1b = p such that 

(1) \\px — xp\\ < e for all x £ J^; 

(2) dist{pxp, B) < e for all x £ T and 

(3) 1 — p is Murry-von Nuemann equivalent to a projection in aAa. 

Recall that, in the above definition, if B can always be chosen to have finite dimension, then 
A has tracial rank zero {TR{A) = 0). If TR{A) < 1 but TR{A) / 0, we write TR{A) = 1. 

Every unital simple AH-algebra with very slow dimension growth has tracial rank no more 
than one (see Theorem 2.5 of |5]). There are C*-algebras with tracial rank no more than one 
which are not amenable. 

Definition 2.3. Suppose that u G U(A). We will use u for the image of u in U{A)/CU{A). If 
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G U{A)/CU{A), define 

dist(x,?/) = inf{||ii — v\\ : u = x and v = y}. 

Let C be another unital C*-algebra and let : C — > A be a unital homomorphism. Denote 
by ip^ : U{C)/CU{C) U{A)/CU{A) the homomorphism induced by ip. 

2.4. Let ^ be a unital separable simple C*-algebra with TR{A) < 1, then A is quasi-diagonal, 
stable rank one, weakly unperforated Ko{A) and, if p, g € ^ are two projections, then p is 
equivalent to a projection p' < q whenever r(p) < r(g) for all tracial states r in T{A) (see [1]). 
For unitary group of A, we have the following: 

(i) CU{A) C Uo{A) (Lemma 6.9 of [5j); 

(ii) Uo{A)/CU{A) is torsion free and divisible (Theorem 6.11 and Lemma 6.6 of [5]); 

Theorem 2.5. (Theorem 3.4 of [9]) Let A be a unital separable simple C* -algebra with TR{A) < 
1 and let e € A be a non-zero projection. Then the map u u -\- {1 — e) induces an isomorphism 
j from U{eAe)/CU{eAe) onto U{A)/CU{A). 

Corollary 2.6. Let A be a unital separable simple C* -algebra with TR[A) < 1. Then the map 

m 

j : a ^ diag(a, 1, 1, .., 1) from A to Mn{A) induces an isomorphism from U{A)/CU{A) onto 
U{Mn{A))/CU{Mn{A)) for any integer n > 1. 

Definition 2.7. Let u G Uo{A). There is a piece-wise smooth and continuous path {u{t) : t G 
[0, 1]} C A such that u(0) = u and u{l) = 1. Define 



R{{u{t)}Kr) = ±: [\(^u{tr)dt. 
J 



i?({n(t)})(T) is real for every r. 

Definition 2.8. Let ^ be a unital C*- algebra wi th T{A) 7^ 0. As in ^ and define a 
homomorphism A : Uq{A) kSiiJ [A)) j p a(Kq{A)) by 



r(^f>„W)dt). 



where H : Aff(r(A)) m(T <yA)) j p a(Kq{A)) is the quotient map and where {u(t) : t G [0, 1]} 
is a piece-wise smooth and continuous path of unitaries in A with n(0) = u and uiX) = 1a- This 
is well-defined and is independent of the choices of the paths. 

The following is a combination of a result of K. Thomsen (p^)and the work of [2j. We state 
here for the convenience. 

Theorem 2.9. Let A be a unital separable simple C* -algebra with TR{A) < 1. Suppose that 
u G Uq{A). Then the following are equivalent: 

(1) u G CU{A); 

(2) A(u) = 0; 

(3) for some piecewise continuous path of unitaries {u{t) : t G [0,1]} C A with u{0) = u and 
u{l) = 

RiMt)}) G pa{Ko{A)), 

(4) for any piecewise continuous path of unitaries {u{t) : t G [0, 1]} C A with u{0) = u and 
u{l) = Ia, 

R{{u{t)}) G pa{Ko{A)). 
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(5) there are /ii, /i2, /im G ^s.a. such that 



u = J^exp(i/ij) and ^ /ij € pa{Kq{A)). 



(6) Yl^Li hj G pa{Ko{A)) for any hi,h2, ...,hm € A^.a. for which 



u = exp{ihj). 

Proof. Equivalence of (2), (3), (4), (5) and (6) follows from the definition of the determinant 
and follows from the Bott periodicy (see [2]). The equivalence of (1) and (2) follows from 3.1 of 

m. □ 



The following is a consequence of I2.9[ 

Theorem 2.10. Let A be a unital simple separable C* -algebra with TR{A) < 1. Then kerA 
CU{A). The de la Harpe and Skandalis determinant gives an isomorphism: 



A : Uo{A)/CU{A) ^ Aff{T{A))/ pa{Ko{A)). 
Moreover, one has the following short exact (splitting) sequence 



^Aff{TiA))/pA{Ko{A)) ^-^ U{A)/CU{A) ^ KM) -0. 
(Note that Uo{A)/CU{A) is divisible in this case, by 6.6 of [5j.) 

3 Exponentials and approximate unitary equivalence orbit of 
unitaries 

Theorem 3.1. Let A be a unital simple C* -algebra with TR{A) < 1 and let 7 : C(T)s.a 
Aff{T(A)) be a (positive) affine continuous map. 

For any e > 0, there exists 6 > and there exists a finite subset T C C(T)s_a satisfying the 
following: If v & Uo{A) with 

|r(/(u)) -7(/)(r)| < 6, ior all f € T and t e T{A), and (e3.1) 
dist(u,?;) < 6 in Uo{A)/CU{A). (e3.2) 

Then there exists a unitary W & U (A) such that 

||u - l^*i;T^|| < e. (e3.3) 

Proof. The lemma follows immediately from 3.11 of [Gj. See also 11.5 of [7] and 3.15 of jtSj. Note 
that, in 3.15 of we can replace the given map hi (in this case a given unitary) by a given 
map 7. □ 

Corollary 3.2. Let A be a unital simple C* -algebra with TR(A) < 1 and let u £ Uq{A) be 
a unitary. For any e > 0, there exists 6 > and there exists an integer N > 1 satisfying the 
following: If v £ ^o(^) with 

\t{u^) - t{v'')\ < 5, k = 1,2,..., N ioT all T (^T{A) and (e3.4) 
dist(M,i;) < (5 in Uq{A)/CU{A). (e3.5) 

Then there exists a unitary W G U{A) such that 

\\u-W*vW\\<e. (e3.6) 
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Proof. Note that 



\t{u'') - t{v'')\ < 5 k = ±l,±2,...,±N. (e3.7) 
For any subset Q C C{S^) and any rj > 0, there exists > 1 and 6 > such that 

|t(5(u)) - T{g{v))\ < T] for all r G r(A) 

if (|e371) holds. 

Then the lemma follows from 13 .11 (or 3.16 of [6]). 

□ 

Theorem 3.3. Let A be a unital simple C* -algebra with TR{A) < 1. Suppose that u G Uq{A), 
then, for any e > 0, there exists a selfadjoint element a G Ag.a such that 

||n — exp(ia) |[ < e. (e3.8) 

Proof. Since u G Uo{A), we may write 

k 

ti = JJ exp(i/ij). (e3.9) 

3=1 

Let M = max{\\hj\\ : j = 1,2, ...,/c} + 1. Let 5 > and N be given in 13.21 for u. We may 
assume that 6 < 1 and > 3. We may also assume that 6 < e. Since TR(A) < 1, there exists 
a projection p € A and a C*-subalgebra B £ A with 1b = p such that B = ®^iC(Xj, Mr(j-)), 
where = [0, 1] or a point, and 



11(1 -p)n(l -p) - {l-p)f[eMm-p)hj{l-pm < Y^^^ (e3.11) 

pup G ,5 B and r(l - p) < — — for all r G T(yl). (e3.12) 
There exist unitary ui (z B such that 

Put U2 = (1 ~ p) 11^=1 Gxp(i(l — p)hj{l — p)). Since ui G B, it is well known that there exists a 
selfadjoint element b G -Bs.a such that 

K-pexp(^6)||<^^^^. (e3.14) 

Let fo = (1 — p) + pexp(i6) and uq = pexp{ib) + U2. Then, by (|e 3.10p . ()e 3. lip . ()e 3.13P and 

||uo — < ||n — pup — (1 — p)ti(l — p) II (e3.15) 

+ ||(pnp -pexp(z6)) + ((1 -p)n(l - p) -ti2)|| (e3.16) 
6 6 6 _ 36 

^ 8NMk ^ 8NMk ^ IGNMk ~ 8NMk ' (-^ . j 
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and 



k 

uqVo = JJexp(i(l -p)hj{l -p)). (e3.18) 
i=i 

Note that 

k k 
\r{Y,{'^-p)h,{l-p))\ < Y,\r{{l-p)h,{l-p))\ (e3.19) 
j=i j=i 

= A;r(l-p)max{||/ij|| :i = 1,2, <(5/16iV (e3.20) 

for all T G T{A). It follows that 

€1181(^0, t)o) < 5/lQN in C/o(A)/C7?7(yl). (e3.21) 

It follows from that 

disi{u,VQ) < 5/m. (e3.22) 
On the other hand, for each s = 1, 2, A^, by (|e 3.181) . (|e3.17|) and (Ie3.12p 

\r{u^)-T{vt,)\ < |r(n^)-rK)| + |rK)-r(r;^)| (e3.23) 

k 



< \\u' - ugll + |r((l -p)-{l-p)l[ exp(i(l - p)shj{l - p)))|(e 3.24) 

< iV||u-uo|| +2t(1 -p) (e3.25) 

< ^L + ^_<5 (e3.26) 

for all r € T'(A). From the above inequality and (je 3.22p and applving |3.21 one obtains a unitary 
W e such that 

\\u-W*voW\\ <e. (e3.27) 

Put a = W*{{l-p)+b)W. Then 

||n — exp(ia)|| < e. (e3.28) 

□ 

Note that Theorem 13.31 does not assume that A is amenable, in particular, it may not be a 
simple AH-algebra. The proof used a kind of uniqueness theorem for unitaries in a unital simple 
C*-algebra A with TR{A) < 1. This bring us to the following theorem which is an immediate 
consequence of[ 



Theorem 3.4. Let A be a unital simple C* -algebra with TR{A) < 1. Let u and v be two 
unitaries in Uq (A) . Then they are approximately unitarily equivalent if and only if 

A{u) = A{v) and (e3.29) 
t{u'') = t{v'') for all t £T{A), (e3.30) 

A: = l,2,.... 
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Since A : Uq{A)/CU{A) Af f{T{A))/ pa{Kq{A)) is an isomorphism, one may ask if (le3.3Up 
implies that A(u) = A(u)? In other words, would T{f{u)) = T{f{u)) for all / G C{S^) imply 
that A(ii) = A(t;)? This becomes a question only in the case that pa{Kq{A)) ^ Af f{T{A)). 
Thus we would like to recall the following: 

Theorem 3.5. (cf. Theorem @]) 

Let A be a unital simple C* -algebra with TR[A) < 1. Then the following are equivalent: 

(1) TR{A) = , 

(2) pAiKoiA)) = Aff{T{A)) and 

(3) CU{A) = Uq{A). 

However, when TR{A) = 1, at least, one has the following: 

Proposition 3.6. Let A be a unital simple infinite dimensional C* -algebra with TR{A) < 1. // 
a G pa{Ko{A)), then 

ra € PAiKoiA)) (e3.31) 
for all r G R. /n fact, pa{Kq{A)) is a closed W-linear subspace of Af f{T{A)). 

Proof. Note that pa{Kq{A)) is an additive subgroup of Af f{T{A)). It suffices to prove the 
following: Given any projection p £ A, any real number < ri < 1 and e > 0, there exists a 
projection q A such that 

\riT{p) - r(g)| < e for all r G T{A). (e3.32) 

Choose n > 1 such that 

\m/n - ril < e/2 and 1/n < e/2 (e3.33) 

for some 1 < m < n. 

Note that TR{pAp) < 1. By Theorem 5.4 or Lemma 5.5 of [3], there are mutually orthogonal 
projections qo,pi,P2, ■■■,Pn with [go] < [pi] and \pi] = \pi], i = 1,2, ...,n and Y17=iPi + Qo = P- 
Put q = YliLiPi- We then compute that 

\riTip) - T{q)\ < e for all r G T{A). (e3.34) 

□ 

Theorem 3.7. Let A be a unital simple infinite dimensional C* -algebra with TR{A) = 1. Then 
there exist unitaries u,v G Uo{A) with 

t{u'') = t{v^) for all r G T{A), k = 0, ±1, ±2, ±n, ... 

such that A(ti) ^ A(v). In particular, u and v are not approximately unitarily equivalent. 

Proof. Since we assume that TR{A) = 1, then, byEZl Aff{T{A)) / pa{Kq{A)) and Uo{A)/CU{A) 
are not trivial. 

Let Ki, K2 : Ki{C{T)) Uq{A)/CU{A) be two different homomorphisms. Fix an affine con- 
tinuous map s : T{A) Tf{C(T)), where Tj(C(T)) is the space of strictly positive normalized 
Borel measures on T. Denote by 70 : Aff(T(C(T))) — > Aff(T(^)) the positive affine continuous 
map induced by 7o(/)(r) = /(s(t)) for all / G Aff(r(C(T))) and r G r(^). Let 

7^ : C/o(C(T))/C[/(C(T)) = Aff(r(C(T)))/Z ^ Aff(r(^))/p^(Ko(^)) = Uo{A)/CUiA) 
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be the map induced by 70. Write 

U{C{T))/CU{C{T)) = U(i{C{T))/CU{C{T))@Ki{C{T)). 

Define K : U {C {T)) / CU {C {T)) Uo{A)/CU{A) by 

Xi{x ® z) = 7^(x) + Ki{z) 

for X e Uo{C{T))/CU{C{T)) and z G i^i(C(T)), i = 1,2. It follows from 8.4 of [lOj that there 
are two unital monomorphisms (pi,(p2 ■ C(T) A such that 

= 0, (pi = Xi and (p^ = s, (e3.35) 

i = 1,2. Let z be the standard unitary generator of C{S^). Define u = (pi{z) and v = (p2{z)- 
Then u, v E Uq{A). The condition that (fl = s implies that 

t{u'') = t{v'') for all r G r(^), A: = 0, ±1, ±2, ±n, .... 

But since Ai 7^ A2, 

A(n) / A{v). 

Therefore u and v are not approximately unitarily equivalent. 

□ 

Remark 3.8. Given any continuous affine map s : T{A) Tf{C{T)), let 70 : Aff(r(C(T))) 
Afr(r(^)) by defined by 7o(/)(r) = /(s(r)) for all / G AfF(r(C(T))) and r G r(^). This further 
induces a homomorphism A : Uo{C{T ))/CU{C{T )) Uo{A)/CU{A). 

Given any element x G AS{T {A)) / pa{Kq{A)) , the proof of the above theorem actually says 
that there is a unitary u G Uo{A) such that A(u) = x and 

r(/(n)) = f{s{r)) 

for all / G C{T)s.a and r G T{A). Moreover, u induces A. 

4 Approximated by unitaries with finite spectrum 

Now we consider the problem when a unitary u G Uq{A) in a unital simple infinite dimensional 
C*-algebra A with TR{A) < 1 can be approximated by unitaries with finite spectrum. When 
TR{A) = 0, ^ has real rank zero, it was proved ([3J) that every unitary in Uq{A) can be 
approximated by unitaries with finite spectrum. When, TR{A) = 1, even a selfadjoint element 
in A may not be approximated by those selfadjoint with finite spectrum. As stated in 13. 5^ in 
this case, p^(ii'o(j4)) is not dense in Af f(T{A)). It turns out that that is the only issue. 

Lemma 4.1. Let A be a unital separable simple infinite dimensional C* -algebra withTR{A) < 1 
and let h ^ A be a self-adjoint element. Then h can be approximated by self-adjoint elements 
with finite spectrum if and only if G pAiKQ{A)) , n = 1,2, .... 

Proof. If h can be approximated by self-adjoint elements so can /i". Bv 13.61 pa{Kq{A)) is a 
closed linear subspace. Therefore /i" G pa{Kq{A)) for all n. 

Now we assume that /i" G pa{Kq{A)), n = 1,2,.... The S tone- Weierstr ass theorem implies 
that f{h) G pa{Kq{A)) for all real-value functions / G C{sp{h)). For any e > 0, by Lemma 2.4 
of [5], there is / G C{sp{x))s.a. such that 

\\f{h)-h\\<e 
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and sp{f{h)) consists of a union of finitely many closed intervals and finitely many points. 

Thus, to simplify notation, we may assume that X = sp{h) is a union of finitely many 
intervals and finitely many points. Let ip : C{X) — > A be the homomorphism defined by 
^(f) = f{h). Let s : T{A) Tf{C{X)) be the affine map defined by /(s(r)) = V'(/)(r) for all 
/ G AS{C{X)) and r £ T{A). 

Let S be a unital simple AH-algebra with real rank zero, stable rank one and 

{Ko{B), Ko{B)+, [1b],Ki{B)) ^ {Ko{A), Ko{A)+, [1a],Ki{A)). 

In particular, Kq{B) is weakly unperforated. The proof of Theorem 10.4 of [5j provides a unital 
homomorphism i : B ^ A which carries the above identification. This can be done by applying 
Proposition 9.10 of [5j and the uniqueness theorem Theorem 8.6 of [5], or better by corollary 
11.7 of |2J because TR{B) = 0, the maps tp^ is not needed since U{B) = CU{B) and the map 
on traces is determined by the map on Kq{B). This also follows immediately from Lemma 8.5 
of [I03. 

Note that Aff(T(i?)) = pb{Kq{B)). By identifying B with a unital C*-subalgebra of A, we 
may write pb{Ko{B)) = pa{ Ko{A)). 

Let : Aff(T(C( X))) ^ pa{ Kq{A)) be the map induced by if). This gives a an affine map 
7 : Aff(r(C(X))) — > pb{Kq[B)). It follows from Lemma 5.1 of |8] that there exists a unital 
monomorphism 93 : C{X) — > B such that 

I o Lp^Q = ijj^Q and {i o (^)'' = ^\ 

where (locp)^ : Afr(T(C7(A:))) ^ Afr(r(^)) defined by {ioip)\a){T) = r(zo^)(a) for ah a G As.a.. 
It follows from Corollary 11.7 of [7J that ip and loip are approximately unitarily equivalent. On 
the hand, since B has real rank zero, ip can be approximated by homomorphisms with finite 
dimensional range. It follows that h can be approximated by self-adjoint elements with finite 
spectrum. 

□ 

Theorem 4.2. Let A be a unital separable simple infinite dimensional C* -algebra with TR{A) < 
1 and let u £ Uq{A). Then u can be approximated by unitaries with finite spectrum if and only 
ifu£ CU{A) and 

^"+7^")% G pa{Ko{A)), n = l,2,.... 

Proof. Suppose that there exists a sequence of unitaries {n„} C A with finite spectrum such 
that 

lim Un = u. 

n— >oo 

There are mutually orthogonal projections Pi,n,P2,n, ■■■,Pm{n),n ^ ^ and complex numbers 
Ai,n, A2,n, Am(n),n € C with |Ai,„| = 1, z = 1, 2, ...,m{n, ) and n = 1, 2, such that 

m(ra) 

lim \\u- Xi,nPi,n\\ = 0. 

i=l 

It follows that 

m(n) 

lim \\{{u*r + un - y 2Re{Xi,n)Pi,n\\ = 0. 

1=1 
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By Ml 

m{n) 
i=l 

Thus iMu"^) G pa{Ko{A)). Similarly, f^v^) G pa{Kq{A)). 

To show that u € CU{A), consider a unitary v = Yl^i ^iPn-, where {pi-,P2-, ■■■■,Pm} is a set 
of mutually orthogonal projections such that YllLiPj = li and where |Ai| = 1, i = l,2,...,m. 
Write Aj = e*^^ for some real number j = 1, 2, .... Define 

m 

Then 

v = exp(z/i). 

Bv l3.6^ h € /3yi(i^o(^))- It follows from 12.9] that v € C{7(^). Since n is a limit of those unitaries 
with finite spectrum, u € CU{A). 

Now assume u G CU{A) and n^'+T^")*, i(u"'^^ltr")*) G pa(Ko(-4)) for n = 1,2,.... If 
sp(ti) / T, then the problem is reduced to the case in 14.11 So we now assume that sp{u) = T. 
Define a unital monomorphism (p : C(T) — > A by ^{f) = f{u). By the Stone- Weirestrass theorem 

and 13.61 every real valued funtion / € C(T), (/?(/) G pa{Kq{A)). 

As in the proof of 14.11 one obtains a unital C*-subalgebra B C A which is a unital simple 
AH-algebra with tracial rank zero such that the embedding i : B ^ A gives an identification: 

{Ka{B),KQ{B)+,[lB],Ki{B)) = {K^{A),K^{A)+,[lAiKi{A))- 
Moreover, by Lemma 5.1 of [8] that there is a unital monomorphism ij) : C(T) B such that 

■0*1 = and {i o -0)^ = ipK 

Note also 

O '0)"'" = ip^ 

(both are trivial, since u € CU{A)). 

It follows from 13.4] (see also Theorem 11.7 of [7]) that loip and ip are approximately unitarily 
equivalent. However, since ■0*i = 0, in by [3], can be approximated by homomorphisms 
with finite dimensional range. It follows that u can be approximated by unitaries with finite 
spectrum. 

□ 

If ^4 is a finite dimensional simple C*-algebra, then TR{A) = 0. Of course, every unitary in 
A has finite spectrum. But CU{A) ^ Uo{A). To unify the two cases, we note that Ko(A) = Z. 
Instead of using pa{Kq{A)), one may consider the following definition: 

Definition 4.3. Let j4 be a unital C*-algebra. Denote by V{pAiKQ{A))), the closed R-linear 
subspace of Aff(r(^)) generated by pa{Ko{A)). Let U : Aff(r(^)) ^ AS{T{A))/V{pa{Ko{A))) 
be the quotient map. Define the new determinant 

A : Uo{A) ^ ASiTiA))/VipAiKoiA))) 

by 

A{u) = n o A(n) for ah u G Uo{A). 



10 



Note that if A is a finite dimensional C*-algebra AS{T{A)) = V{pa{Ko{A))). Thus A = 0. 
If ^ is a unital simple infinite dimensional C*-algebra with TR{A) < 1, by 13.61 

V{pAiKoiA)))=pAiKo{A)). 

Definition 4.4. Suppose that n G A is a unitary with X = sp{u). Then it induces a positive 
affine continuous map from 70 : C{X)s a. — > AS{T{A)) defined by 

7o(/(n))(T) = T{f{u)) 

for all / G C{X)s.a. and all r G T{A). Let U : Afr(r(^)) ^ AS{T{A))/V{pa{Ko{A))). Put 
r{u) = n o Then r{u) is a map from C{X)s.a. into Aff(r(^))/y(/9A(i^o(^)))- 

It is clear that, T{u) = if and only if u'^'+Jt?')* , i(u'^T(n")*) G F(/9A(i^o(^))) for all 
n > 1. 

Thus, we may state the following: 

Corollary 4.5. Zei A be a unital simple C* -algebra with TR{A) < 1 and let u G Uq{A). Then 
u can be approximated by unitaries with finite spectrum if and only if 

A{u) = and r(n) = 0. 

4.6. Suppose that u = exp{ih) for some self-adjoint element /i G ^. If « G CU{A), then, by 
12.91 ^(u) = 0, i.e., h G V{pAiKo{A))). So one may ask if there are unitaries with A(tt) = but 
T{u) 0. Proposition 14.71 below says that this could happen. 

Proposition 4.7. For any unital separable simple C* -algebra A with TR{A) = 1, there is a 
unitary u with A{u) = {or u £ CU (A)) such that r{u) 7^ and which is not a limit of unitaries 
with finite spectrum. 

Proof. Let e G A be a non-zero projection such that there is a projection ei G (1 — e)A(l — e) 
such that [e] = [ei]. Then TR(eAe) < 1 by 5.3 of [4J. Since A does not have real rank zero, one 
has TR{eAe) = 1. 

It follows from 13.51 that 

AS{T{eAe)) / pA{Ko{eAe)) = pa{Ko{A)). 

Choose h G {eAe)s.a. with \\h\\ < 1 such that h is not a norm limit of self-adjoint elements with 
finite spectrum. 

If /i G pA{KQ{eAe)), then define 

u = exp(i/i). 

Then, A(n) = and by Theorem 12.91 u G CU{A). Since h can not be approximated by self- 
adjoint elements with finite spectrum, nor u can be approximated by unitaries with finite spec- 
trum since /i = (1/z) log(tt) for a continuous branch of the logarithm (note that sp{u) 7^ T). 
Now suppose that h ^ pA{KQ{eAe)). 

We also have, bv 13.61 27r/i pa{Kq{A)). We claim that there is a rational number < r < 1 
such that rh'^ — 2nh ^ pA{KQ{eAe)). 

In fact, if G pA{K{){(^Ae)), then the claim follows easily. So we assume that h^ 
PA[KQ{eAe)). Suppose that, for some < ri < 1, ri/i^ — 2Tih G pA{KQ{eAe)). Then (1 — ri)^^ 
PA[KQ{eAe)). Hence 

- 27r/i = (1 - ri)/^2 + {nh? - lidi) ^ pA{KQ{eAe)). 
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This proves the claim. 

Now define hi = rh + 27rei — w*rhw, where w £ A is a unitary such that w*ew = ei. Put 

u = exp(i/ii) 

It follows from 13.61 that 

27rel G pA{KQ{eAe)). 
Thus r(/ii) = 27rr(ei) G pA{KQ{eAe)). Therefore, byEJl u G CU{A). Since 

= 2r(r/^ - 27r/J) - 47rVi (e 4.37) 

Therefore, bv l4.H h\ can not be approximated by self-adjoint elements with finite spectrum. It 
follows that u can not be approxiamted by unitaries with finite spectrum. 

□ 

Another question is whether T[u) = is sufficient for A(u) = 0. For the case that sp(n) ^ T, 
one has the following. But in general. 14.91 gives a negative answer. 

Proposition 4.8. Let A he a unital separable simple C* -algebra with TR{A) < 1. Suppose that 
u G Uo{A) with sp(n) ^ T. IfT{u) = 0, then A(ti) = 0, u G CU{A) and u can be approximated 
by unitaries with finite spectrum. 

Proof. Since sp(ti) ^ T, there is a real valued continuous function / G C(sp(ii)) such that 
u = exp(i/(u)). Thus the condition that T{u) = implies that f{u) G pAiKQ{A)). Bv 12.91 
u G CU{A). 

□ 

Proposition 4.9. Let A be a unital infinite dimensional separable simple C* -algebra with 
TR{A) = 1. Then there are unitaries u G Uq{A) with T(u) = such that u CU{A). In 
particular, A{u) ^ and u can not be approximated by unitaries with finite spectrum. 

Proof. There exists a unital C*-subalgebra B C A with tracial rank zero such that the embed- 
ding gives the following identification: 

{Ko{B),Ko{B)+,[1b],Ki{B)) = {Ko{A),Ko{A)+,[1a],Ki{A)). 

Note that AS{T{B)) = pb{Ko{B)) = pa{Kq{A)). 

Let w G Uq{B) be a unitary with sp(tt;) = T. Thus T{w) = 0. Let 7 : AfF(r(C(T))) 
Afr(T(^)) be given by 7(/)(r) = r(/(u)) for / G C{T),,a. and r G T{A). Since TR{A) = 1, by 
12.91 there are unitaries uq G Uq{A) \ CU{A). By the proof of l3.7l (see also 13. Sp . there is a unitary 
u G Uq{A) such that 

u = uq and 

r(/(n)) = T{f{w)) for all r G T{A) 

and for all / G C(T)s.a.. Thus A(u) / and T{u) = T{w) = 0. Bv l4.21 u can not be approximated 
by unitaries with finite spectrum. 

□ 
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